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Abstract 

A new algebraic approach for calculating the heat kernel for the Laplace op- 
erator on any Riemannian manifold with covariantly constant curvature is pro- 
posed. It is shown that the heat kernel operator can be obtained by an averaging 
over the Lie group of isometries. The heat kernel diagonal is obtained in form of 
an integral over the isotropy subgroup. 
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1. Introduction 



The heat kernel U(t) = exp(t □) associated with the Laplace-Beltrami operator □ 
acting on a <i-dimensional Riemannian manifold M without boundary with the metric 
of Euclidean signature is of fundamental importance in mathematical physics [1-21]. In 
present paper we consider only the heat kernel diagonal 

U(t) =exp(-tH)g- 1/2 5(x,x') (1) 

diag x=x' 

and restrict ourselves to manifolds with covariantly constant curvature 

V M .R a/ 3 7 5 = 0. (2) 

We are not going to investigate in this paper the effects of the topology but concentrate 
our attention on the local effects. We calculate the heat kernel diagonal rather formal, 
having in mind to get the asymptotic expansion at t — > that does not depend on the 
global structure of the manifold at all. This will then mean that we have obtained all the 
terms without derivatives of the curvature in the asymptotic expansion of the heat kernel. 

The condition (2) determines the geometry of the symmetric spaces [22]. The frame 
components of the curvature tensor (with respect to some frame that is parallel along 
geodesies) are constant and can be presented in the form 

Rabcd = PikE 1 ah E k cd , (3) 

where E l b , (i = 1, . . . ,p;p < d(d—l)/2), is some set of antisymmetric matrices. The matrix 
Pik is known to be the metric of the isotropy algebra H with the generators Di = {D a ib } 

D a ib = -(3 lk E k cb g ca = -D a bi , (4) 
[A,Ac] = n^, (5) 

F J ik being the structure constants. 

It is not difficult to show that the condition of integrability of the equations (2) brings 
into existence a Lie algebra Q of dimension dim Q = D = p + d, with structure constants 
C A BC = -C A CB ,(A=1,...,D) 

° ab — & abi U ib — U ibi ° kl — P kli l D J 

/~ia /~<a r\ 

U be — U ka — ° ik — U ' 

Introducing a symmetric nondegenerate matrix 



2 



that plays the role of the metric on the algebra Q one can show that the adjoint and 
coadjoint representations of the algebra Q are equivalent, i.e. 

1abC b cd + 1db C b ca = Q. (8) 

The generators of infinitesimal isometries £4 = (P a , Li) of symmetric spaces can be 
presented in the form [19,20] 

P a = = - (Vifcot v^)% 6 , (9) 

U = = -D h ia a a V b , (10) 

where a a (x, x') are the frame components of the tangent vector to the geodesic between x 
and x', V a = d/da a and K = {K a b (x 7 x')} is a matrix defined by 

K\ = R a cbd a c a d . (11) 

It is the algebra Q that is generated by infinitesimal 
isometries [22] 

[U^b]=C c ab ^ c . (12) 



2. Heat kernel operator 

It is not difficult to show that the Laplacian in symmetric space can be presented in 
terms of generators of isometries 

□ = ^V M V„ = ! AB UiB = 9 ab P a Pb + P k UL k , (13) 

where ^ AB = (tab)" 1 and f3 tk = (Afc)" 1 - 

Using this representation one can prove the following theorem [20] . 
Theorem. 

For the compact Lie group G (12) with positive definite metric ^ab (7) and the structure 
constants C A BC satisfying the identity (8) it takes place the following identity for the 
Laplace operator (13) 

x exp \-\-k A lAB k B + I Ret] exp{k A U) (14) 



At ' 6 
or, equivalently, 

x exp ^-±-(q a g ab q b + u l (3 lk iv k ) + Qi? + ^R H ^j t J exp (q a P a + iv'L,) , 



(15) 



where 7 = det 7ab, P = det 77 = det <7 a &, is the scalar curvature of the group G 



Rg = -\l AB C c AD C D BC = ^R + Rh, (16) 

and Rh is the scalar curvature of the isotropy subgroup H 

Rh = -\p lk F m u F l km , (17) 

with /3 th = (Pik) -1 , the matrices C A = {C B AC } = (C a , Cj) are the generators of the adjoint 
representation of the algebra defined by 

and the integration is to be taken over the whole Euclidean space IR D . 
Proof. 

First one can show that 

□ exp^CO = X 2 e W (k A U) (19) 

where X 2 = / y BC X B Xc and X A = X ls A {k)d / dk M are the left-invariant vector fields on 
the group 

k A C A • " 



^w= U(^:)-j / (20) 

Then, introducing the metric on the group manifold 

Gmn = IabX 1A m X 1B N (21) 
and integrating by parts one has from (19) 

□ J dk7 1/2 ${t\k) exp(k A U) 

= J dk^ 2 eMk A U) (G 1 / 2 X 2 G- 1 ' 2 ^{t\k) s j . (22) 
where G = det Gmn and 

1 /2 

*(t\k) =(^t)- D / 2 det ( Sin ^ A / 2) ) exp{-l^ 7AB ^ + i^}. (23) 
Further, using the equations 

X 2 G~ 1 ' A = IrgG- 1 ^ (24) 



and 



k A ^xG-^ = \{D-X A A )G-V\ (25) 
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that hold on the group manifold [21], one can show that &(t\k) satisfies the equation 

= G 1/2 X 2 G~ 1/2 § (26) 

and initial condition 



Therefrom it follows 



and hence 



$(t|fc) ^ ^ = 1 - 1 / 2 8{k). 



(d t - □) J dk 7 1/2 mk) eMk A U) = 0, 
J dk^ 1/2 $(t\k)vcp{k A U) = exp(£D), 



(27) 



(28) 



(29) 



that proves the theorem. 



3. Heat kernel diagonal 

To get the heat kernel in coordinate representation one has to act with the heat kernel 
operator exp(tn) (15) on the 5-function (1). One can show that [20] 



exp (q a P a + w%) g-^Six, x') = n^'H^s, q, u)) 



s=l 



where (Tq(s, q,u) is to be determined from the equation of characteristics 

= -[ \/ K((T (] ) cot \/M^>) I ; 



= - (VKW) cot v^Mj b Q b ~ ^D a ib al 



with initial condition 



Solving the eq. (31) for small ctq we have 

'exp(— su l Di) — 1 



8 = 1 



q b + 0(q 2 ) 



and, therefore, 



S(a%(s,q,uj)) 



/ 5 inh(^,/2)y' 
s =i V u x Di/2 ) V ' 



(30) 

(31) 
(32) 

(33) 

(34) 



Now substituting (30) and (34) in (15) we can easily integrate over q to get finally the 
heat kernel diagonal 



U(t) =(47rf)" D / 2 f du/3 1/2 det 

diag J 



smh(u l F l /2)\ 1/2 /sinh(^A/2) x 1/2 
det 1 



w*Fi/2 



w l A/2 



< cxp { -^iv l (3, k UJ k + (Ir+Ir h ) t 



(35) 



where the matrices F = {i 7 ^-} are the generators of the isotropy algebra in the adjoint 
representation. 

One can present this result also in an alternative nontrivial rather formal way. Sub- 
stituting the equation 

(4yrt)-^ 2 /3 1 / 2 exp ^-lo/Afeu;^ = (2iv)- p J rfpexp (ip k u k - tp k (3 kn p n ) (36) 

into the integral (35), integrating over u and changing the integration variables p k — > 
it~ 1 / 2 p k we get finally an expression without any integration 

U(t) = {A-Kt)- d ' 2 exp (t (\r + \r h 

diag \ \ o D 



p=0 

(37) 



where d k = d/dp k - 

This formal solution should be understood as a power series in the derivatives d l that 
is well defined and determines the heat kernel asymptotic expansion at t — > 0. 



4. Concluding remarks 

In present paper we proposed a new purely algebraic approach for calculating the heat 
kernel diagonal in symmetric spaces that is based essentially on the Lie group of isometries. 

We proved a theorem that expresses the heat kernel operator exp(tn), i.e. the ex- 
ponential of the second order operator, in terms of the isometries exp(/c A ^), i.e. the 
exponential of first order operator. 

Let us mention, that our formulae for the heat kernel diagonal are exact (up to possible 
nonanalytic topological contributions). This gives a nontrivial example how the heat kernel 
can be constructed using only the commutation relations of some differential operators, 
namely the generators of infinitesimal isometries of the symmetric space. These formulae 
can be used now to generate asymptotic expansion of the heat kernel for any symmetric 
space, any space with covariantly constant curvature, simply by expanding them in a power 
series in t. 

In present paper we considered for simplicity the case of symmetric space of compact 
type, i.e. with positive curvature (positive definite matrix fak)- There is a remarkable 
duality relation between the compact and noncompact symmetric spaces [22, 20] -R*^ = 
-Raw, fa = -Pik, E^ ab = -E\ b , D a * b = D a lb , F^ k = F% ; Therefore, one can get 
the results for noncompact case by means of analytic continuation. This means that our 
formulae (35) and (37) should be valid in general case of arbitrary symmetric space that 
is the product of compact, noncompact and the Euclidean ones. Moreover, It should also 
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be valid for the case of pseudo-Euclidean signature of the metric g^ v . However, it is not 
perfectly clear how to do the analytic continuation for obtaining physical results. 
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